The article is devoted to cosmology. It deals with homogeneous anisotropic cosmological models. Scale factors have been evaluated for the multicomponent models with perfect fluid, taking account of its expansion, rotation and shear. The cosmological fluid components are as follows: phantom matter, de Sitter vacuum, domain walls, strings, dust, radiation, perfect gas, stiff matter and ekpyrotic matter. The scale factor dependences on the equation of state and kinematic invariants of the perfect fluid have been analysed. The paper is aimed at finding exact solutions of Friedmann and Raychaudhuri equations for different combination of matter components and kinematic invariants.
Introduction
Cosmology is a division of astronomy studying the Universe as a whole. Cosmology is divided into observational and theoretical ones. The observational cosmology is based on extragalactic astronomy. The theoretical cosmology is formulated in the framework of general relativity. In the models of theoretical cosmology, the recession of galaxies is interpreted as an expansion of space-time itself, otherwise as the Universe expansion. The Universe is considered to be homogeneous and isotropic (Copernicus principle) on the scales exceeding 100 Mpc. Two models satisfy the Copernicus principle: the model proposed by Willem de Sitter in 1917 and the model proposed by Alexander Friedmann in 1922. In the de Sitter model, the galaxies are considered to be test bodies moving along geodesics of space-time, whose curvature is constant and determined by a cosmological term in EinsteinHilbert's equations, but not by masses. In Friedmann's model, space-time is determined by the masses of all galaxies, in whose gravitational field a test galaxy is moving. The metric of a homogeneous isotropic space-time depends on a scale factor (Universe's radius). The scale factor is found from Friedmann's equations for different matter components and their superposition. Homogeneous anisotropic space-time is described by Raychaudhuri's equation for kinematic invariants of cosmological fluid (expansion, divergence of acceleration, rotation and shear) with different equations of state. In the absence of anisotropy parameters, Raychaudhuri's equation transforms into Friedmann's first equation.
Problem statement
The cosmological fluid motion is described, in general relativity, by Raychaudhuri's equation [1] , [2] 
where θ is the expansion scalar, A i is the 4-acceleration, σ is the shear scalar, ω is the rotation scalar, ǫ is the energy density, and p is the pressure.
The space-time metric reads
where N is the lapse function, N a = cg 0α is the shift function and the metric cross term g 0α satisfying the relation g 00 = 1 − g 0α g 0α ,γ 11 γ 22 γ 33 = a 6 , a(t) is the scale factor. The quantities θ, A i , σ, ω read
where u i is the 4-velocity. The orthogonality conditions have the form
providing θ = 3ȧ/a, which is valid if σ αβ n α n β = 0, where n α n α = 1, we obtain an expression for the 4-acceleration divergence scalar as follows:
where 1 − g 00 characterizes a deviation from Friedmann's geometry. The equation of state is p = wǫ where w = const.
Homogeneous isotropic models
The first observation important for cosmology was the discovery of a red shift in the spectral lines of distant galaxies. In models of theoretical cosmology, the recession of galaxies is interpreted as the expansion of the universe. At the same time from the Copernicus principle, it follows that there are no preferred points and directions in the Universe, i.e. it is homogeneous and isotropic at scales larger than 100 Mpc. The Copernicus principle is satisfied in two models: the model proposed by the Dutch astronomer Willem de Sitter in 1917 [3] and the model proposed by the Soviet mathematician Alexander Friedmann in 1922 [4] . In the de Sitter model, galaxies are considered to be test bodies moving along geodesics of space-time, whose the curvature is constant and determined by an additional term Λg ik , the so-called cosmological term on the right-hand side of the Einstein-Hilbert equations, and not by the masses, thus T ik = 0. Finally, for this model, the Einstein-Hilbert equations take the form:
where Λ is the cosmological constant. In the Friedmann model, space-time is determined by the masses of all galaxies in the gravitational field of which the given test galaxy moves, thus T ik = 0. For g 00 = 1, and σ = ω = 0, i.e., for homogeneous isotropic models, the Raychaudhuri equation (2.1) is written as
which is a record of Newton's second law for cosmology, if we take into account the first law of thermodynamics
Integrating equation (3.2), we obtain the following equatioṅ
In general, the energy density of a multicomponent medium has the form [5] :
where u = 3(1 + w) for the barotropic equation of state p = wǫ, with the normalization condition
where B u is a contribution of the u-th component to the energy density at the de Sitter horizon r 0 . The medium consists of de Sitter's vacuum at u = 0, w = −1. In this case the energy density is ǫ = ǫ 0 . From equation (3.4) we can finḋ
For de Sitter's vacuum ǫ = ǫ 0 and
integrating equation (3.6), we obtain the following dependences of the scale factor on time and the solution for the inverse function t(a) in the form 9) in case u = 0 and
in case u = 0. For the phantom matter w < −1 and following equations are valid:
where in case t = t 0 , the Big Rip occurs, and as t → t 0 we get cosmological singularity as a → ∞, ǫ → ∞.
Multicomponent media
Multicomponent media consisting of different components are investigated.
In general, we can consider any multicomponent medium consisting of a set of different components. But not in every case equation (3.6) is analytically integrated. Our goal, in this paper, is to find analytic solutions of equation (3.6), Therefore we confine ourselves to studying only the cases when (3.6) is integrated analytically in the multicomponent medium under consideration: a) multicomponent medium consisting of de Sitter's vacuum, strings, and radiation, u = 0, 2, 4. In this case, the energy density, according to (3.5) , is expressed as
and, from equation (3.6) we can obtain the following integral, which describes the time dependence of the scale factor a:
2) b) multicomponent medium consisting of strings and radiation, u = 2, 4. The energy density and the time dependence on the scale factor are determined
respectively, c) a multicomponent medium consisting of de Sitter's vacuum, dust and ultrastiff matter, u = 0, 3, 6. The energy density of a given medium is
and, from equation (3.6), we can obtain the following integral: To obtain a dimensionless integral, we introduce the dimensionless quantities: and the integral of equation (3.6) is calculated in the same way as above
5 Homogeneous anisotropic models
Turning from homogeneous isotropic models to a more general case that takes anisotropy into account, it should be noted that for the analysis of homogeneous cosmological models Bianchi type classification is widely used [6] .
The explicit form of the metrics corresponding to various Bianchi types is given in [7] . Without going into detail, we note that the flat and closed Friedmann models considered above are of Bianchi I and IX types respectively.The Kasner metric for empty space, has the form [8] :
where
Their values lie in the intervals:
Studies of the generalized Kasner solution (for p α , which depend on spatial coordinates) have shown that the approach to the cosmological singularity t = 0 has an oscillatory character with a change in the Kasner epochs. However, it should be noted that "although the study of the oscillatory approach to singularity has become an independent branch of mathematical physics [9] ", there is no room for it in the cosmological scenario, since the classical theory for t → 0 is no longer valid, and it is necessary to investigate quantum solutions.
Hawking and Penrose proved general theorems on the inevitability of singularities in general relativity under a number of conditions, in particular, the weak energy condition p + ǫ > 0, ǫ > 0, [1] , [10] . These conditions may not be satisfied for some centrally symmetric and cosmological models, in particular for wormholes and the de Sitter model. Now we consider anisotropic cosmological models with a perfect fluid, taking into account rotation and shear. We will follow the hydrodynamic approach, for matter in the Universe to be considered a perfect fluid. In this case, the following equation is obtained from the Raychaudhuri equation (2.1):ȧ 2 = 8πGǫa
and from the above equation we obtain
and u = 0 in case u = 3, 6.
The divergence of the 4-acceleration A i ;i is zero for the following special cases [5] : u = 3, 6, g 00 = 1;
Consider a homogeneous anisotropic multicomponent medium consisting of de Sitter's vacuum, dust, and stiff matter, with shear and rotation, i.e., The following special cases can be derived from the last integral: a) Absence of specific angular momenta j 3 = j 6 = 0. In this case, calculate the integral (5.8) and obtain the following result: 
Conclusion
The scale factors time dependences follow either power or exponential laws. The scale factor dependences on shear are similar to those for stiff matter. The times dependence on scale factors prove to be proportional to rotation. The scale factor diverges at a finite instant for phantom matter and is time independent for ekpyrotic matter. It should be noted that all anisotropic cosmological models are considered within the framework of geometric and hydrodynamic approaches. The geometrical approach uses pure geometric classifications according to the Bianchi type. In the hydrodynamical approach, anisotropic cosmological models are described using the Raychaudhuri equation, and matter in the Universe is considered as a perfect fluid. The Raychaudhuri equation takes into account the expansion, acceleration, rotation and shear of a perfect fluid.
